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For the σ-model and Nambu-Goto ations, values of the Alday-Maldaena-regularized ations are alulated
on solutions of the equations of motion with onstant non-regularized Lagrangian. It turns out that these values
oinide up to a fator, independent of boundary onditions.
1 Introdution
The idea of string/gauge theory duality is far from being new (see [1℄, [2℄ for intodution to the subjet). A partiular
inarnation of suh a duality, namely the AdS/CFT orrespondene, rst stated in [3℄ and then reformulated in [4℄
and [5℄, proved to be very helpful in obtaining results in strongly oupled gauge theories
1
.
Alday and Maldaena [8℄ have reently alulated the four-point gluon sattering amplitude in N = 4 SYM. The
point is, that at the string theory side of the duality at the zeroth order of semilassial expansion the sattering
amplitude is equal to eiScl . Here, Scl stands for the ation of a string, evaluated on some solution of the lassial
equations of motion with ertain boundary onditions. Alday and Maldaena hose the σ-model ation, and found
some solution to the equations of motion. However, they realized that the Lagrangian is onstant on this solution, so
that Scl diverges and seems to be independent of boundary onditions. They proposed a regularization proedure in
order to make answers nite. After regularization was applied, the dependene on boundary onditions was reovered.
Later, Mironov, Morozov and Tomaras in [9℄ and [10℄ found a whole family of solutions with a onstant Lagrangian
for the σ-model and Nambu-Goto ations, whih are of the form z = Σazae
kau,v = Σavae
kau
, where ertain onditions
are imposed on za,va and ka (here, z and v are onvinient oordinates on the AdS5 spae, za,va ka are, respetively,
onstant salars, 4-vetors and 2-vetors). It is known that solutions of the non-regularized NG equations of motion are
solutions of the non-regularized σ-model equations of motion too, and these solutions orrespond to Alday-Maldaena's
hoise of za. It seems that the regularization an break this simple relation between these two ations, hene the
regualrized areas, a priori, an be dierent. In this paper, we alulate these areas expliitly and it turns out that they
oinide up to a fator, dependent only on regularization parameter ǫ and angle φ between ka. This is quite surprising
and seemingly indiates presense of a more subtle relationship between the σ-model and NG ations.
Throughout this paper we freely use the notations and results of [9℄ and [10℄.
2 σ-model ase
The ation under onsideration is of the form
Sσ =
∫
Gijδ
ijd2u, (1)
where Gij = (∂iz∂jz + (z∂iv− v∂iz, z∂jv− v∂jz)) z2 - the metri indued by mapping R2 → AdS5. Following the
regularization proedure given in [8℄, we substitute z → z (1 + ǫ2)−1/2 and add a fator of zǫ. Further, we use the fat
that Gij = const on solutions, in order to exlude v
Sσǫ =
(
1 +
ǫ
2
)−1−ǫ/2 ∫ (
trG +
ǫ
2
tr
(
∂iz∂jz
z2
))
zǫd2u (2)
As soon as we are interested only in terms whih do not go to zero while ǫ → 0 , in what follows all the equalities
should be understood as right up to terms innitesimal in the limit of ǫ→ 0 . Solutions of the undeformed equations
∗
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of motion are of the form: z = Σa zae
kau,v = Σa vae
kau
, where k
2
= trG. The integral
∫
zǫd2u was evaluated in [9℄
and is equal to ∫
zǫd2u =
1
|[k1, k2]|
(
4
ǫ2
+
1
ǫ
ln(z1z2z3z4)− π
2
3
+
1
8
(
ln2 (z1z2z3z4)− ln2
(
z1z3
z2z4
)))
(3)
Thus, one immediately obtains∫
tr
(
∂iz∂jz
z2
)
zǫd2u =
1
ǫ(ǫ − 1) Σa,b,i k
a
i k
b
i zazb
∂2
∂za∂zb
∫
zǫd2u =
=
1
ǫ(ǫ− 1) Σa,b
(k
a
, k
b
)
|[k1, k2]|
zazb
∂2
∂za∂zb
∫
zǫd2u
∣∣∣∣
k
2
=1,(k
1
,k
2
)=0
(4)
Writing down the matries (ka, kb) and zazb
∂2
∂za∂zb
∫
zǫd2u
∣∣∣∣
k
2
=1,(k
1
,k
2
)=0
it is easy to see that
(4) =
4
| sin(φ)| (1− ǫ) ǫ2
(
1 +
ǫ
4
ln(z1z2z3z4)
)
(5)
Sine
(
1 + ǫ2
)−1−ǫ/2
= 1− ǫ2 , , substituting (5) and (3) into (2) gives
Sσǫ =
(
1− ǫ2
)
| sin(φ)|
(
4
ǫ2
+
1
ǫ
ln (z1z2z3z4)− π
2
3
+
1
8
(
ln2 (z1z2z3z4)− ln2
(
z1z3
z2z4
))
+
2
ǫ
+
1
2
ln (z1z2z3z4) + 2
)
=
=
4
| sin(φ)|ǫ2
(
1 + ǫ2
(
1
4
− π
2
12
))(
1 +
ǫ
4
ln (z1z2z3z4) +
ǫ2
32
(
ln2 (z1z2z3z4)− ln2
(
z1z3
z2z4
)))
=
=
2
| sin(φ)|ǫ2
(
1 + ǫ2
(
1
4
− π
2
12
))(
(z1z3)
ǫ/2 + (z2z4)
ǫ/2 − ǫ
2
8
ln2
(
z1z3
z2z4
))
(6)
Following [8℄, to get a regularized area, this expression should be multiplied by
√
λDcD
2πaǫ
=
√
λµ2ǫ(2π)ǫ
2πaǫ
√
1 + ǫ+
π2ǫ2
12
(7)
Thus, the regularized area for the σ-model is equal to2
Areaσ =
1
πǫ2| sin(φ)|
(
1 +
ǫ
2
(1− ln 2) + ǫ
2
8
(
1− π
2
3
− 2 ln 2 + ln2 2
))(√
λµ2ǫ
(−s)ǫ +
√
λµ2ǫ
(−t)ǫ −
ǫ2
√
λ
8
ln2
(s
t
))
(8)
3 Nambu-Goto ase
In this ase the ation has the form
SNG =
∫ √
1
2
εikεjlGijGkld
2u (9)
Solutions with onstant Gij look very similar to those of σ - model: they have the same form, but dierent onstraints
are imposed on za,va, ka (see [10℄). Expanding in powers of epsilon, one obtains for the regularized ation
SNG =
(
1 +
ǫ
2
)−1−ǫ/2 ∫ √
detG
(
1 +
ǫ
4
G−1kl
∂kz∂lz
z2
− ǫ
2
32
G−1klG−1ij
∂kz∂lz∂iz∂jz
z4
)
zǫd2u (10)
It is easy to see that the ation is invariant under oordinate transformations of the worldsheet u
′
= f(u). Hene,
without loss of generality, we put k1 = (1, 0), k2 = (0, 1), Gij = diag
(
1
2 ,
1
2
)
(10) =
1
2
(
1 +
ǫ
2
)−1−ǫ/2 ∫ (
1 +
ǫ
2
tr
(
∂iz∂jz
z2
)
− ǫ
2
8
tr2
(
∂iz∂jz
z2
))
zǫd2u (11)
Dierene with the σ - model ase is in overall fator of 12 and in the presense of a term ontributing to the nite (i.e.
ǫ-independent) part of the ation. This term is equal to
∫
tr2
(
∂iz∂jz
z2
)
zǫd2u = −
4
(
1− π2ǫ212
)
ǫ(1− ǫ)(2 − ǫ)(3− ǫ)ǫ2
ǫ
4
Σ
a,b
z2az
2
b
∂4
∂z2a∂z
2
b
ln(z1z2z3z4) =
4
ǫ2
(12)
2
We still reprodue the original Alday-Maldaena result, f. [11℄
2
Substituting (12), (5) and (3) into (11) and manipulating with the expression just as in the σ-model ase, one obtains
SNG =
1
ǫ2
(
1 + ǫ2
(
1
8
− π
2
12
))(
(z1z3)
ǫ/2 + (z2z4)
ǫ/2 − ǫ
2
8
ln2
(
z1z3
z2z4
))
(13)
Thus, the answer for the regularized area in the NG ase is
AreaNG =
1
2πǫ2
(
1 +
ǫ
2
(1− ln 2) + ǫ
2
8
(
−π
2
3
− 2 ln 2 + ln2 2
))(√
λµ2ǫ
(−s)ǫ +
√
λµ2ǫ
(−t)ǫ −
ǫ2
√
λ
8
ln2
(s
t
))
(14)
4 Conlusions
Thus, we found that the dierene between the two areas redues to a fator, whih is equal to
Areaσ
AreaNG
=
2
| sinφ|
(
1 +
ǫ2
8
)
(15)
2 in the numerator is due to Sσ instead of
1
2Sσ, whih is atually related to SNG, was used. For orthogonal ka, and
for Alday-Maldaena's solution partiularly sinφ = 1, and substitution of one ation by another in the sattering
amplitude results only in onstant phase shift, whih is equal to
√
λ
8π . So, physis of the proess is left unaeted by
this substitution. This gives us a hope, that in further investigations and appliations one ation an be replaed with
the other one. However, it still remains unknown whether this simple relation between amplitudes would survive if
one takes into aount further terms of the semilassial expansion.
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